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The problem
Consider a planar gauged Nonlinear Schrodinger Equation:

iDo¢ + (D1D1 + D2Da)p + ¢ ' = 0.

Here t € R, x = (x1,x2) € R?, ¢ : R x R? — C is the scalar field,
Ay iR % R> — R are the components of the gauge potential and
D, = 9, +iA, is the covariant derivative (1 =0, 1, 2).
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Here t € R, x = (x1,x2) € R?, ¢ : R x R? — C is the scalar field,
Ay iR % R> — R are the components of the gauge potential and
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In Chern-Simons theory, a modified gauge field equation has been
introduced [Hagen, Jackiw, Schonfeld, Templeton, in the '80s|; see
also [Tarantello, PNLDE 2007.]

1
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Here x € R is the Chern-Simons constant and €”*# is the
Levi-Civita tensor. Moreover, j* is the conserved matter current,

=161, j = 2Im (§Digp) .



At low energies, the Maxwell term becomes negligible and can be
dropped, giving rise to:

1 .
Exe”‘ﬁF,xﬁ ="

See [Jackiw & Pi, '90s].

Taking for simplicity x = 2, we arrive to the system

iDo¢ + (D1D1 + DaD2)¢ + [P~ = 0,

80A1 — 81A0 = Im(gf_)ch‘b), (1)
aoAz — BZAO = —Im(cf)chp),

Az — A1 = 3[9)%,



As usual in Chern-Simons theory, problem (1) is invariant under
gauge transformation,

$— cpeix, Ay — Ay —9ux,

for any arbitrary C*-function x.

The initial value problem for p = 3, as well as global existence and
blow-up, has been addressed in [Bergé, de Bouard & Saut, 1995;
Huh, 2009-2013; Liu-Smith-Tataru 2013; Oh-Pusateri, preprint;
Liu-Smith, preprint; Chen-Smith, preprint].

The existence of standing waves for (1) and general p > 1 has
been studied in [Byeon, Huh & Seok, 2012 and preprint]. They
look for vortex solutions, i.e., solutions in the form:



i) = wale '(N“"’” Ao (x )=Ao(|x|)
Al(tfx) | |2 (‘ ‘) A (t x) | |2 (| |)

Here (r,0) are polar coordinates, h is a positive function and
N € IN is the order of the vortex at 0.
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Here (r,0) are polar coordinates, h is a positive function and
N € IN is the order of the vortex at 0.

With this ansatz they obtain the nonlocal equation:

— Au+ <w + (h”(|x||x)|2_1\l)2 —l—Ao(\x\)) u=|ulftu, (P)

with

hu(r)zfor;uz(s) ds, Ao(r) = T h(s) N o

ds.
i 5 u“(s)ds

Moreover, any solution satisfies that u(|x|) ~ |x|N around the
origin.



In [Byeon, Huh & Seok, 2012 and preprint] it is shown that (P) is
indeed the Euler-Lagrange equation of the energy functional:

2 _ p+1
L,(u 2/ (|Vul* + wu?) dx 1/ ulP™ dx

LA ([ e

That functional is defined in the space:

H= {u € H'(R?): / u‘z(‘gdx < +oo}

It can be proved that I, is well-defined and C!.



A useful inequality

In [Byeon, Huh & Seok 2012 and preprint], it is proved that, for
any u € H,

/Rz lu(x)[* dx

< 2(/}122 |Vu(x)\2dx> : (/IRZ |§cl|22 (/lel u?(s)sds —2N>2dx> % .

Furthermore, the equality is attained by the family of functions:

{uA _ VBANH DI o (0,+oo)}.

1+ [Ax]2N+D)




Byeon-Huh-Seok results

o If p >3, I, is unbounded from below and exhibits a
mountain-pass geometry.

@ The case p = 3 is special: static solutions can be found via
the minimizers of the previous inequality. Alternatively, one
can pass, via a self-dual equation, to a singular Liouville
equation in R

e If 1 < p < 3 solutions are found as minimizers on a L2-sphere
if N = 0. Hence, w comes out as a Lagrange multiplier, and it
is not controlled.

In general, the global behavior of the energy functional I, is not
studied for 1 < p < 3. This is the main purpose of this talk.



On the boundedness from below of I,

Theorem

Let N € N, p € (1,3). There exists wo(p) > 0 such that:

o If0 < w < wy, then 1, is unbounded from below.
o If w > wy, then I, is bounded from below and coercive.

o If w = wy, then 1, is bounded from below, not coercive and
infl,, <0.

The threshold value wy has an explicit expression, and it is
independent of N.

[§ A. Pomponio and D. R., 2015.

[§ Y. Jiang, A. Pomponio and D.R., preprint.



The limit functional

Let u a fixed function, and define u,(r) = u(r — p). Let us now
estimate I, (u,) as p — oo,

_ 1 [t
(27) 1Ia,(up) = E/0 (]uHZ —i—wug)rdr
2
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) ulig) ~ 5 [ (P + i)+ p)dr

8/:’° :t+p (/ (5+P)U2(S)ds—2N)2dr

Tl p)dr

P+1
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The limit functional

Let u a fixed function, and define u,(r) = u(r — p). Let us now
estimate I, (u,) as p — o0,

+o0
(27) Mo (1) ~ p ;/ (|u'|> 4 wu?) dr

—+00 r 2
—I—é/ u?(r) </ u?(s) ds) dr
+o0
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The limit functional

Let u a fixed function, and define u,(r) = u(r — p). Let us now
estimate I, (u,) as p — o0,

@) haton) ~p |5 [P )

+ 21—4 </+: uz(r)dr>3

1 oo



It is natural to define the limit functional J,, : H'(R) — R,

J (u)—1/+oo(|u’|2+wu2)d +l /+oo 24 ’
o) =3 rbag | ) wr
1

—+00
- |u|erl dr.
p +1 /-
We have
Io(up) ~ 2mpJo(u), asp — 4-co.
Then,

infJ, < 0= infl, = —oo.



It is natural to define the limit functional J, : H'(R) — R,

](u)—1/+oo(|u’|2+wu2)d +l /+oou2dr ’
“W=3 ) T
1

+o0 B
- lu|P+1dr.
p +1 /-
We have
Io(up) ~ 2mpJo(u), asp — 4-co.
Then,

infJ, < 0= infl, = —oo.

We will actually show that

inff, < 0 < infl, = —co.




The limit functional

Proposition

Letp € (1,3) and w > 0. Then ], is coercive and attains its
infimum.

The proof of the coercivity is based on the Gagliardo-Nirenberg
inequality:

oty < Clle 175 Gy Nt l175 -

Hence

+o00 400 +oo 3
/ u4dr<(2j[/ ]u’]zdr+</ uzdr> ]



The limit problem

The Euler-Lagrange equation of the functional |, is:

_u//+

—00

w +41l </+Oo u?(s) ds>2] u=|uflu, inR. (2
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The limit problem

The Euler-Lagrange equation of the functional |, is:

_u//+

—00

w +41l </+Oo u?(s) ds>2] u=|uflu, inR. (2

k

Then u = 4wy up to translations, where

wy(r) = ki wy (Vkr),

_ 2 »(p—1 1-p
wl(r)—<p+1cosh< > r>> .

and




Therefore,

+o0 2 1 , 50
k= W+}1 (/ ZUk(T’)zd7’> =w+ 1m2kvf17,

—00

where



Proposition

u is a nontrivial solution of (2) if and only if u(r) = +wy(r — ¢)
for some ¢ € R and k is a root of the equation

k:w+£11m2k15’%;1’, k> 0. (3)




Proposition

u is a nontrivial solution of (2) if and only if u(r) = +wy(r — ¢)
for some ¢ € R and k is a root of the equation

5—
k:w—i—}lmzkr’fq, k> 0. (3)

Moreover, there exists w1 > 0 such that:
e If w > w1, (3) has no solution.
e Ifw = wi, (3) has only one solution k.
o Ifw € (0,wy), (3) has two solutions ki (w) < kp(w).

Moreover,




The threshold value wg

Hence, for w € (0, w1 ) there are three solutions: 0, wy, and w,.
By evaluating ], we obtain that J,,(0) =0, Jo(wy,) > 0 and

Jo (W) <0 & w < wy,

with

1
- 2 -
wo = 2= gab 9% (m <3+P>> o
+ p—1

Moreover Ju, (wy,) = 0.

O8]

(O8]
=



For some values of p, m can be computed, and hence wy. For

instance, if p =2, m = 6 and wy = ﬁ

3.0

Figura: The value wy(p) for p € (1,3).




Theorem
Letp € (1,3). We have:

o ifw € (0,wy), then 1, is unbounded from below;

o if w = wy, then I, is bounded from below, not coercive and
infl,, <O0;

o ifw > wy, then I, is bounded from below and coercive.




Theorem
Letp € (1,3). We have:

e ifw € (0,wy), then I, is unbounded from below;

o if w = wy, then I, is bounded from below, not coercive and
infl,, <O0;

e if w > wy, then I, is bounded from below and coercive.

We estimate I, (wy, (- — p)), obtaining:
Lo(wi, (- — p)) = 270 Joo (wg,) — C+0,(1), as p — +o0, C > 0.

Since J, (wy,) < 0 for w € (0, wy) the first part is proved.

Moreover, Ju, (wk,) = 0, so I, is not coercive and infl,,, < 0.



I, bounded from below if w > wy.
By using BHS inequality,

—+o0 2 r 2
) M) > gl + 1 [ ”V(” (/ suz(s)ds—2N> dir
0 0

—+o0
+ A f(u)rdr. (4)

Here || - || is the H}(R?) norm and f(u) = w— + — —




Define
A(u) = {x € R?:u(x) € (,B)}, p(u) =sup{|x| : x € A(u)}.

Then we obtain:

u * y2(r 4 2
Lo (u) > iHuHZ+116/o+ () (/0 suz(s)ds—2N> dr —m|A(u)].

27T r



Define

A(u) = {x € R?:u(x) € (,B)}, p(u) =sup{|x| : x € A(u)}.

Then we obtain:

Lo(u) 1,5 1 / u?(r) /r 2 ?
> - - - - A .
o 2 ||ue]| = + 16 Jo . ; su“(s)ds —2N | dr —m|A(u)]

In particular, I, is coercive when restricted to H}(B(0,7)). Take
U, a minimizer, and observe that
I,(uy) — infl,, as n — +oo.

If 1, is bounded we are done, so let us assume that ||u,|| diverges.
In particular |A,| must diverge, and hence py,.



Define

A(u) = {x € R?:u(x) € (,B)}, p(u) =sup{|x| : x € A(u)}.

Then we obtain:

Lo(u) 1,5 1 / u?(r) /r 2 ?
> - - - - A .
o 2 ||ue]| = + 16 Jo . ; su“(s)ds —2N | dr —m|A(u)]

In particular, I, is coercive when restricted to H}(B(0,7)). Take
U, a minimizer, and observe that
I,(uy) — infl,, as n — +oo.

If 1, is bounded we are done, so let us assume that ||u,|| diverges.
In particular |A,| must diverge, and hence py,.

It can be proved that indeed p, ~ |A,| ~ |lun||?.



By concentration-compactness, we can prove the existence of
Cn ~ pn such that

Gl )
O<c</ (us +u)*dr < C.
Gn—1



By concentration-compactness, we can prove the existence of
Cn ~ pn such that

bt o 1\2
O<c</€_1 (ug; +u,,)dr < C.
Take a cut-off function ¥, such that

0, ifr <& =3,
Pu(r) —{ 1, ifr > & —2l|un.

We now split the expression of I,,, but an extra term comes due to
its non-local character:



Iw(un) = Iw(“nwn) +Iw (un(l - lp"))
+ clfun (1 — an)H%2(RZ) + O(flunll)-



Lo (tin) 2 27080 Joo (Unthn) + Lo (un (1 — 1))
+ clfun(1 — an)H%2(RZ) + O([[unl))-



Iw(”n) = 2776n]w(”n¢n) +Iw(un(1 - 170"))
+ clfun(1 — lpn)H%2(R2) + O([[unl))-
Since [|unn |l (r) = 0, for w > wp, we can prove that

Joo (n ) — ¢ > 0.

Hence, I, (uy) > I, (un(1 — ), which is a contradiction with
the definition of u,.



Lo (un) 2 270 Joo (ntPn) + Lo (tn (1 — )
+ clfun(1 — lpn)H%2(R2) + O([[unl))-
Since [|unn |l (r) = 0, for w > wp, we can prove that
Joo (Untpy) — ¢ > 0.

Hence, I, (uy) > I, (un(1 — ), which is a contradiction with
the definition of u,.

If w = wy, we reach a contradiction unless 1, (- — &) — wy,.
With this extra information, we have a better estimate:

Lo, (Uy) = 27Cy Jeo (”ann) + L, (”n< - an))
+ c||un (1 lpn)HLZ IR2) O(1).

Therefore

Ly (1) 2 Ly 20 (10 (1 = 9)) + O(1) > O(1).



On the solutions of (P)

Theorem
o Ifw is large, then (P) has no solutions different from zero.

e Ifw > wy is close to wy, then (P) admits at least two
positive solutions.

@ For almost every w € (0,wy), (P) admits a positive solution.

v
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@ Non-existence of solutions if w large.

If N =0, the proof is very simple: multiply the equation by u,
integrate and plug the BHS inequality, to get

1
0> 7/ ]Vu|2dx—i—/ wu2+§u4— lu[P*t ) dx.
4 JRr2 R2 4

And this is a contradiction for w large.

For N > 0 this proof becomes delicate, and will be skipped in
this talk.



@ Two solutions if w > wy is close to wy.

Recall that infI,, < 0, then infl, < 0 for w close to wy.
Being I, coercive, the infimum is attained (at negative level).

Moreover, I, satisfies the geometrical assumptions of the
Mountain Pass Theorem.

Since I, is coercive, (PS) sequences are bounded.

We find a second solution (a mountain-pass solution) which is
at a positive energy level.



@ Two solutions if w > wy is close to wy.

Recall that infI,, < 0, then infl, < 0 for w close to wy.
Being I, coercive, the infimum is attained (at negative level).

Moreover, I, satisfies the geometrical assumptions of the
Mountain Pass Theorem.

Since I, is coercive, (PS) sequences are bounded.

We find a second solution (a mountain-pass solution) which is
at a positive energy level.

e For almost every w € (0,wy) there is a positive solution.

If w < wy, the functional I, satisfies the geometric properties
of the Mountain-Pass lemma.

However, (PS) sequences could be unbounded. Here we use
the so-called monotonicity trick of Struwe. In this way we can
obtain solutions, but only for almost every w € (0, wy).



Thank you for your attention!
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